We study the ground states of the asymmetric single-and two-qubit Rabi models, in which the coupling strengthes for the counter-rotating wave and rotating wave interactions are different. We take the transformation method to analytically solve the ground states for both Rabi models and numerically verify it to be valid under a wide range of parameters. We find that the ground state energy in the single-or two-qubit Rabi model has an approximately quadratic dependence on the coupling strengthes stemming from different contributions of the counter-rotating wave and rotating wave interactions. For the single-qubit Rabi model, we show the accuracy of results can be further improved by the second-order perturbation correction. Interestingly, for the two-qubit Rabi model, we find that after the ground state entanglement reaches its maximum it decreases to zero with the increase of the coupling strength in the counter-rotating wave or rotating wave interaction, and never increases again when the qubit-oscillator coupling strength is further increased. Furthermore, the maximum of the ground state entanglement in the asymmetric two-qubit Rabi model is far larger than that in the symmetric two-qubit Rabi model.
I. INTRODUCTION
The Rabi model [1] , which describes the interaction between a two-level system and a quantized harmonic oscillator, is a fundamental model in various fields, especially in quantum physics. For the cavity quantum electrodynamics (QED) experiments, the qubit-oscillator coupling strength of the considered Rabi model is always far smaller than the oscillator frequency and the rotating wave approximation (RWA) takes effect, bringing in the ubiquitous Jaynes-Cummins model [2] [3] [4] [5] . With recent progresses in Rabi models in the ultrastrong coupling regime [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , where the qubit-oscillator coupling strength becomes a considerable fraction of the oscillator and qubit frequencies, the RWA breaks down and relatively complex dynamics arises, leading to many unusual quantum phenomena [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
The explicitly analytic solution to the Rabi model beyond the RWA is very hard to be obtained due to its unclosed Hilbert space. Since the numerical solution [27, 28] for the Rabi model to some extent difficult fails to catch its fundamental properties [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , various approximately analytic methods for the solution of the ground states of the symmetric Rabi models (SRM) have been tried [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . Especially, Braak [48] used the method based on the Z 2 symmetry to analytically determine the spectrum of the single-qubit Rabi model, which is dependent on the composite transcendental function defined through its power series but fails to be used to derive the concrete form of the system's ground state.
Previous studies consider the ground state in the symmetric Rabi models, i.e., the qubit-oscillator coupling strength of the counter-rotating wave interaction and * zbyang@fzu.edu.cn that of the rotating wave interaction are equal. In this paper, we study the asymmetic Rabi models (ASRM), in which the coupling strengthes for the counter-rotating wave and rotating wave interaction terms are different, as to gain deep insight into the dynamics of such models.
We study the single-and two-qubit ASRM and show that the transformed ground state fits well with the exactly numerical simulation for a wide range of parameters, and the ground state energy has an approximately quadratic dependence on the coupling strengthes stemming from different contributions of the counter-rotating wave and rotating wave interactions. Besides, in the case of the single-qubit ASRM, we show that when the qubit-oscillator coupling strength increases, the accuracy of the results can be further improved by the correction based on the second-order perturbation theory. While in the two-qubit ASRM, we analytically obtain the negativity. Interestingly, we find that when the coupling strength of the counter-rotating wave or rotating wave interaction is large enough, after the ground state entanglement reaches its maximum it then drops to zero and never increases again as the qubit-oscillator coupling strength increases further. Especially, the maximum of the ground state entanglement in the two-qubit ASRM is far larger than that in the two-qubit SRM. Our study in this paper mainly reveals the collective contribution of the qubit-oscillator coupling strengthes of the counter-rotating wave and rotating wave interactions to the ASRM's ground states. Such an investigation can also be generalized to the complex cases of three-and more-qubit ASRM. Note that the ASRM can be realized by using two unbalanced Raman channels between two atomic ground states induced by a cavity mode and two classical fields [49] .
II. THE SINGLE-QUBIT ARSM

A. Transformed ground state
The Hamiltonian of the single-qubit ASRM is [50] : (assume = 1 for simplicity hereafter)
where w a is the transition frequency of the qubit. σ z and σ ± are the Pauli matrices, describing the qubit's energy operator and the spin-flip operators, respectively. b † (b) is the creation (annihilation) operator of the harmonic oscillator with the frequency w b . The qubitoscillator coupling strengthes of the rotating wave interaction (b † σ − + bσ + ) and the counter-rotating wave interaction (b † σ + + bσ − ) are respectively denoted by λ 1 and λ 2 . When we perform a rotation around the y axis on the Hamiltonian H q , the single-qubit Rabi model becomes:
where
, there is still no analytical solution to the ground state of the single-qubit ASRM based on the Hamiltonian H t1 .
Our task in this paper is to determine the ground state energy E g and the ground state vector |φ g for the single-(Section II) or two-qubit (Section III) ASRM, where H t1 |φ g = E g |φ g .
To deal with the counter-rotating wave terms in Eq. (2), we apply a unitary transformation to the Hamiltonian H t1 [24, 41, 42] :
with
where ξ 1 is a variable to be determined. Then the transformed Hamiltonian H ′ t1 can be decomposed into three parts:
have the dominating expansions [42] : † and b, which represent the double-and threephoton transition processes and can be neglected as an approximation for small ξ 1 and
When the parameter ξ 1 satisfies the condition:
the qubit and the harmonic oscillator are coupled in the following form:
where | − (12) contains no counterrotating wave interactions in which the atomic excitation (deexcitation) is accompanied by the emission (absorption) of a photon. Therefore, the transformed Hamiltonian H ′ t1 is exactly solvable when we eliminate the counter-rotating wave terms by setting the parameter ξ 1 to satisfy Eq. (11) and by neglecting higher-order transition processes.
It is easy to show that the eigenvector | − 1 2 A |0 F is the ground state vector of the transformed Hamiltonian H ′ t1 , with |0 F being the vacuum state of the harmonic oscillator, and the corresponding energy E g1 is:
We see that when λ 1 = λ 2 , E g1 reduces to the transformed ground state energy shown in Ref. [42] . Therefore, the ground state of the original Hamiltonian (1) be approximately constructed:
with |ξ 1 F and | − ξ 1 F denoting the coherent states of the harmonic oscillator with the amplitudes ξ 1 and −ξ 1 . Note that the ground state is an entangled state between the qubit and the oscillator, with the entanglement depending upon ξ 1 . The value of ξ 1 is obtained by numerically solving the nonlinear equation (11) . In Fig. 1 , we compare the ground state energy obtained by the transformation method and that by the numerical solution. Especially, we find that the ground state energy obtained by the transformation method coincides very well with the numerically exact solution when |λ 1 − λ 2 | ≤ 0.1w a . For example, when λ 1 = 0.02w a and λ 2 = 0.12w a , the error is only 0.0004491 0.5018 ≈ 0.1% at the resonant case. Therefore, when λ 1 ≤ w a and λ 2 ≤ w a , the transformed ground state energy E g1 is approximately:
which shows that the ground state energy has an approximately quadratic dependence on the coupling strengthes and the contribution of the counter-rotating wave interaction is larger than that of the rotating wave interaction. This result differs from that of the single-qubit SRM [42] . Consider the fidelity F 1 for the ground state |φ g1 , defined here as F 1 = φ g1 |φ g where |φ g is the ground state obtained through numerical solution [43] , F 1 is plotted as a function of the coupling strengthes λ 1 and λ 2 under different detunings in Fig. 2 . The result shows that the fidelity is higher than 99.9999% when λ 1 ≤ 0.5w a and λ 2 ≤ 0.5w a . Furthermore, the fidelity under the positive detuning w b − w a > 0 decreases slowest among all the detuning cases in Fig. 2 (a) -(c) when λ 1 and λ 2 increase.
B. Correction for the transformed ground state
The merit of using the transformation method is that the ground state can be corrected explicitly by taking into account the higher-order transition processes. Fig.  1 shows that the transformation method functions very well for small ξ 1 and |λ 1 − λ 2 |, but obviously deviates from the exact value when |λ 1 − λ 2 | increases further. Therefore, it is necessary to correct the result when the value |λ 1 − λ 2 | becomes large.
For
2 ) term can not be ignored. To make the correction, we calculate the eigenenergy E g1,2 of the second excited eigenstate from H ′ t10 + H ′ t11 as following:
where 
and E ′ g1 is plotted as a function of the coupling strengthes λ 1 and λ 2 under different detunings in Fig. 3 (a) -(c) . After the correction, the energy deviation ∆E ′ g1 from the numerical result is plotted in Fig. 3 (d) -(f) , which shows that the error is greatly reduced after the correction. The discrepancy between E ′ g1 and E g is almost invisible when there is a negative detuning, i.e., w b − w a < 0. 
III. THE TWO-QUBIT ARSM
A. Transformed ground state
When a π 2 rotation around the y axis is performed, the Hamiltonian of the two-qubit ASRM is [50] :
where w a is the transition frequency of each qubit. J l {l = ±, z} describes the collective qubit operator of a spin-1 system, satisfying the angular momentum commutation relations:
is the creation (annihilation) operator of the harmonic oscillator with the frequency w b . The qubit-oscillator coupling strengthes of the rotating and the counter-rotating wave interactions are g 1 and g 2 , respectively. We denote the eigenstates of J z by | − 1 A , |0 A , and |1 A , i.e., J z |m A = m|m A (m = 0, ±1). |0 F is the vacuum state for the harmonic oscillator, and |X F denotes the coherent state field with the amplitude X.
To transform the Hamiltonian H t2 into a mathematical form without the counter-rotating wave terms, we apply a unitary transformation to the Hamiltonian H t2 :
where ξ 2 is a variable to be determined. Therefore, the transformed Hamiltonian H ′ t2 is decomposed into three parts:
2 ) and
As shown in the single-qubit ASRM, for small ξ 2 and |g 1 − g 2 |, H 
where N k is the normalization factor for the eigenvector |ϕ k A . Here the eigenvalues are arranged in the decreasing order: ν 1 < ν 2 < ν 3 . Then H ′ t2 can be expanded in terms of the renormalized eigenvectors:
where D x (x = 1, 2, 3, 4) is the coefficient depending on the variable ξ 2 . After transforming the Hamiltonian H t2 into H ′ t2 , we can eliminate the counter-rotating wave terms describing the coupling between the lowest eigenstates by setting:
The value of ξ 2 is obtained by numerically solving the nonlinear equation (28) . We find that when g 1 ≤ 0.5w a and g 2 ≤ 0.5w a , ξ 2 has an approximate relation with the coupling strengthes as: In Fig. 4 , we compare the ground state energy obtained by the transformation method and that obtained by numerical solution. We find that when g 1 ≤ 0.25w a and g 2 ≤ 0.25w a , the ground state energy through the transformation method coincides very well with the exact value even for |g 1 − g 2 | = 0.24w a . For example, ≈ 0.06% at the resonant case. Therefore, when g 1 ≤ 0.5w a and g 2 ≤ 0.5w a , |ϕ 1 A |0 F is expected to be the approximate ground state of the transformed Hamiltonian, and the ground state |φ g of the two-qubit ASRM can be expressed by the transformed ground state |φ g2 :
and the ground state energy E g2 is:
which directly shows that E g2 has an approximately quadratic dependence on the qubit-oscillator coupling strengthes. This result differs from that in the two-qubit SRM [43] . The fidelity F 2 of the ground state as a function of the qubit-oscillator coupling strengthes g 1 and g 2 under different detunings is plotted in Fig. 5 . The result shows that F 2 keeps higher than 99.9% when g 1 ≤ 0.25w a and g 2 ≤ 0.25w a , which coincides with the behavior of the transformed ground state energy shown in Fig. 5 .
B. Ground state entanglement
We also examine the ground state entanglement of the two-qubit ASRM by taking into account both the transformation method and the exactly numerical treatment. Negativity is taken to quantify the entanglement for two qubits, which is defined as [51] :
where ρ T A is the partial transpose of the reduced twoqubit density matrix ρ A , with ρ A = T r F (ρ AF ) and ρ AF = |φ g φ g |, and ρ ground state |φ g2 in Eq. (30), the partially transposed matrix of the reduced density operator for the two qubits in the qubit basis Γ q = { |e 1 |e 2 , |e 1 |s 2 , |s 1 |e 2 , |s 1 |s 2 }, where |e l and |s l (l = 1, 2) correspond to the excited and ground states of the lth qubit respectively, is obtained as follows:
where α = ξ 2 and β = − ν3 B . With this, we can calculate the negative M ρA :
When g 1 ≤ 0.25w a and g 2 ≤ 0.25w a , M ρA approximates:
From Eq. (35), we see that the two-qubit entanglement increases with g 2 2 and g 1 g 2 . The negativity for two qubits as a function of the qubit-oscillator coupling strengthes g 1 and g 2 under different detunings has been plotted in Fig. 6 (a) -(c) , and the corresponding deviation from the numerical simulation is plotted in Fig. 6 (d) -(f) . We find that when g 1 ≤ 0.25w a and g 2 ≤ 0.25w a the deviation in the negativity is close to zero, meaning the ground state obtained by the transformation method agrees well with the exact one. This directly shows that the ground state entanglement of the two-qubit Rabi model is caused by the counter-rotating wave interaction in the Hamiltonian. Interestingly, after the negativity has reached its maximum, it will monotonically decrease when g 1 or g 2 is further increased. Furthermore, the maximum of the ground state entanglement in the two-qubit ASRM is far larger than that in the two-qubit SRM, and the ground state entanglement mainly appears when the coupling strength of the rotating wave interaction is bigger than that of the counter-rotating wave interaction, which is because the contribution to the ground state entanglement from the counter-rotating wave interaction is larger than that from the rotating wave interaction. As seen from Fig. 7 , when g 1 > 1.11w a or g 2 > 0.88w a at w b = w a , M ρA decreases to zero and never increases again, and the maximum negativity is about 0.104 which is only 0.035 in the two-qubit SRM [43] .
IV. CONCLUSION
In conclusion, we have used the transformation method to obtain the approximately analytical ground states of the single-and two-qubit ASRM, and show that the results coincide well with those obtained by numerical simulation for a wide range of parameters. We find that the ground state energy in the single-or two-qubit ASRM has an approximately quadratic dependence on the qubit-oscillator coupling strengthes, and the effect of the counter-rotating wave interaction on the ground state energy is larger than that of the rotating wave interaction. In the single-qubit ASRM, we find that the accuracy of the obtained ground state energy can be further improved by the second-order perturbation correction. Interestingly, we observe that the ground state entanglement of the two-qubit ASRM decreases to zero and never increases again as long as the qubit-oscillator coupling strengthes are large enough. Furthermore, the maximum of the ground state entanglement in the two-qubit ASRM is far larger than that in the two-qubit SRM, and the ground state entanglement mainly appears when the coupling strength of the rotating wave interaction is bigger than that of the counter-rotating wave interaction. 
